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AVERAGE STRUCTURES ASSOCIATED TO A FINSLER SPACE
RICARDO GALLEGO TORROME´
Abstract. Given a Finsler space (M,F ) on a manifold M , the averaging
method associates to Finslerian geometric objects affine geometric objects liv-
ing on M . In particular, a Riemannian metric is associated to the fundamental
tensor g and an affine, torsion free connection is associated to the Chern-Rund
connection. As an illustration of the technique, a generalization of the Gauss-
Bonnet theorem to Berwald surfaces using the average metric is presented. The
parallel transport and curvature endomorphisms of the average connection are
obtained. The holonomy group for a Berwald space is discussed. New affine,
local isometric invariants of the original Finsler metric. The heredity of the
property of symmetric space from the Finsler space to the average Riemannian
metric is proved.
1. Introduction
It is notable that many fundamental results can be generalized from the Rie-
mannian to the Finslerian category by properly adapting the proofs, in some cases
in a rather straightforward way [4]. The present paper is motivated by the idea of
interpreting this general phenomenon from the perspective of equivalence classes
in the Finsler category such that each class contains an affine or Riemannian rep-
resentative. The reason for such expectation is that, if a given proposition can be
casted in terms of notions defined in the coset space of equivalent classes, then it
can be investigated using affine or Riemannian methods.
The method that we use to define the equivalence relations is by averaging Fins-
lerian objects. These operations transform geometric objects living in the tangent
space to geometric objects living in the base manifold M . The average of the fun-
damental tensor appeared first in [19], in connection with emergent quantum me-
chanics [8] and in a series of pre-prints of the author (RGT), of which the present
work is the latest version. Preliminary versions of the general theory of averaging
were also discussed by the author, for instance in [9]. A revision of the theory
is presented in this paper. We will show that we can consider the average of the
Finslerian metric (in the form of the fundamental tensor), connection, curvatures
or the average differential operators. Two geometric operators/structures will be
equivalent if they have the same average. It turns out that results stated in terms of
the defining properties of the coset space and that can be proved using Riemannian
or affine methods automatically upgrade to the Finsler category. In particular, the
method is very well suited for two specific types of problems. The fist is in appli-
cations to Berwald spaces. The second in the application to isometry properties of
the Finsler metric and related notions.
In this paper we discuss the general method of average and its application to
several geometric operators and structures. These applications are illustrated by
several examples. This paper is organized as follows. In section 2, several standard
notions of Finsler geometry are introduced. In section 3we explain the measure used
for the averaging operation. The averaging can be casted in terms of integration
along vertical fibers of pull-back bundles πˆ∗T (p,q)M over the manifold TM \ {0}.
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The averaging associates a Riemannian structure (M,h) to the initial Finsler space
(M,F ) by performing an average of the components of the fundamental tensor g
on the indicatrix Ix at each point x ∈ M . In section 4 we discuss the average
connection 〈∇〉 associated to a linear connection ∇ on πˆ∗TM . We show that
for Berwald spaces, the Riemann curvature tensor of the average metric h can
be obtained by averaging the corresponding tensor of the Chern-Rund connection
of g. The average metric is used to prove several generalizations of Riemannian
results to Berwald spaces. In particular, we have considered a generalization of the
Gauss-Bonnet theorem for Berwald surfaces as an example of application of the
method. In section 5 the parallel transport operators and curvatures of the average
connection of 〈∇〉 are discussed in terms of the corresponding parallel transport and
curvatures of the linear connection ∇ on πˆ∗TM . The metrizability of the holonomy
of Berwald spaces is discussed. In section 6, isometries are discussed and the proof
of the Mayer-Steenrod theorem sketched from the point of view of the averaging
method. Symmetric spaces are discussed too from this new framework. The average
of the curvature tensor of the connection ∇ provides new affine isometric invariants
of the Finsler metric.
2. Basic notions of Finsler geometry
Notation. (U,x) will denote a local coordinate chart of the n-dimensional manifold
M , where a point x ∈ U has local coordinates (x1, ..., xn) and U ⊂M is an open set.
TM is the tangent bundle of M . The slit tangent bundle πˆ : N →M is the bundle
over M with N = TM \ {0}. Fixed a local chart (U,x) on the manifold M , a point
x ∈ U will have coordinates (x1, ..., xn) and a tangent vector y = yi ∂
∂xi
∈ TxM
at x ∈ M is determined by its components y = (y1, ..., yn) respect to the basis
{ ∂
∂xi
}ni=1of TxM . Note that we will use Einstein’s convention for up and down
equal indices, if anything else is not directly stated. The set of sections of a bundle
E is denoted by Γ E , except for differential forms that we follow the usual notation.
Each local chart (U,x) on M induces a local chart on TM denoted by (TU,x,y)
such that a point u ∈ TU with πˆ(u) = x and corresponding to the tangent vector
y = yi ∂
∂xi
∈ TxM has local natural coordinates (x
1, ..., xn, y1, ..., yn).
Definition 2.1. A Finsler space on the manifold M is a pair (M,F ) where F is a
non-negative, real function F :M → [0,∞[ such that
• It is smooth in the slit tangent bundle N ,
• Positive homogeneity holds: F (x, λ y) = λF (x, y) for every λ ∈ [0,+∞[,
• Strong convexity holds: the Hessian matrix
gij(x, y) :=
1
2
∂2F 2(x, y)
∂yi∂yj
, i, j = 1, ..., n(2.1)
is positive definite on N .
The minimal regularity requirement for the Finsler function F is to be a C4-
smooth function on N . However, if the second Bianchi identities are required, then
it is necessary for F to be at least C5-smooth on N . The matrix (g)ij := gij(x, y)
is the matrix components of the fundamental tensor g at the point u = (x, y) ∈ N .
Definition 2.2. Let (M,F ) be a Finsler space and (TU,x,y) a local chart induced
on N from the coordinate system (U,x) of M . The components of the Cartan tensor
are defined by the collection of functions
Aijk =
F
2
∂gij
∂yk
, i, j, k = 1, ..., n.(2.2)
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The components {Aijk, i, j, k = 1, ..., n} are homogeneous functions of degree
zero in the coordinates (y1, ..., yn) and totally symmetric under permutation of the
indices i, j, k. The condition
Aijk(x, y) = 0, ∀ y ∈ TxM, x ∈ M
characterizes Riemannian geometry among the general class of Finsler geometries.
Definition 2.3. Let (M,F ) be a Finsler space. The indicatrix over the point x ∈M
is the submanifold Ix →֒ TxM
Ix := {y ∈ TxM | F (x, y) = 1}
The indicatrix Ix is a compact, strictly convex submanifold of TxM [4, 17]. We
denote by I the fibered manifold πI : I → M with π
−1
I (x) = Ix and the base
manifold is M .
2.1. Definition of a non-linear connection of N . Let us consider the slit bundle
πˆ : N →M .
Definition 2.4. A non-linear connection of N is a distribution H ⊂ TN supple-
mentary to the canonical vertical distribution V = ker dπˆ.
Given a Finsler space (M,F ), there is defined a non-linear connection in the
manifold N . In a local natural coordinate chart (TU,x,y) of N the collection of
local sections {
∂
∂y1
|u, ...,
∂
∂yn
|u, u ∈ πˆ
−1(x), x ∈ U
}
determines a local frame for the vertical distribution V . To obtain a supplementary
distribution H we use a standard local construction [4]. First, let us introduce the
non-linear connection coefficients N ij by the expression
N ij
F
= γijk
yk
F
−Aijkγ
k
rs
yr
F
ys
F
, i, j, k, r, s = 1, ..., n,
where the formal second kind Christoffel’s symbols γijk(x, y) are defined by
γijk =
1
2
gis(
∂gsj
∂xk
−
∂gjk
∂xs
+
∂gsk
∂xj
), i, j, k = 1, ..., n
and also Aijk := g
ilAljk and g
ilglj = δ
i
j . A tangent basis for TuN is determined by
the vectors
{
δ
δx1
|u, ...,
δ
δxn
|u, F
∂
∂y1
|u, ..., F
∂
∂yn
|u
}
,
δ
δxj
|u =
∂
∂xj
|u −N
i
j
∂
∂yi
|u, i, j = 1, ..., n.
(2.3)
The collection of local sections{
δ
δx1
|u, ...,
δ
δxn
|u, u ∈ πˆ
−1(x), x ∈ U
}
determines a local frame for the horizontal distribution H [2, 4]. Given X˜ ∈ ΓTN ,
the horizontal component is denoted byH(X˜) and the vertical component by V (X˜).
The horizontal lift of tangent vectors is defined by the homomorphism
ιu : TxM → TuN, X = X
i ∂
∂xi
|x 7→ ιu(X) = X
i δ
δxi
|u,(2.4)
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for fixed u ∈ π−1(x). For these local horizontal sections (and therefore for any local
horizontal section) the relation
δ
δx1
|u · F = 0(2.5)
holds good.
The dual basis associated to the local tangent basis (2.3) of TuN is a local basis
of the dual vector space T ∗uN ,
{
dx1|u, ..., dx
n|u,
δy1
F
|u, ...,
δyn
F
|u
}
,
δyi
F
|u =
1
F
(dyi +N ijdx
j)|u, i, j = 1, ..., n.
(2.6)
Definition 2.5. Let (M,F ) be a Finsler space. The fundamental and the Cartan
tensors are defined in the natural local coordinate system (TU,x,y) by the equations
• The fundamental tensor is
g(x, y) :=
1
2
∂2F 2(x, y)
∂yi∂yj
dxi ⊗ dxj ,(2.7)
• The Cartan tensor is
A(x, y) :=
F
2
∂gij
∂yk
δyi
F
⊗ dxj ⊗ dxk = Aijk
δyi
F
⊗ dxj ⊗ dxk.(2.8)
Note that our definition of the Cartan’s tensor (2.8) differs from the usual defi-
nition [4], which is a symmetric tensor A = Aijk dx
i⊗dxj ⊗dxk. Such difference is
only formal and does not spoil the properties of the Cartan’s tensor in any practical
situation.
2.2. The Chern-Rund connection. Let us consider the product N × TM and
the canonical projections
πˆ1 : N × TM → N, (u, ξ) 7→ u, πˆ2 : N × TM → TM, (u, ξ) 7→ ξ.
The pull-back πˆ1 : πˆ
∗TM → N of the tangent bundle π : TM → M by the
projection πˆ : N → M is the maximal sub-manifold of the product N × TM such
that π ◦ πˆ2(u, ξ) = πˆ ◦ πˆ1(u, ξ) holds. It follows that the diagram
πˆ∗TM
π1

π2
// TM
π

N
πˆ
// M
commutes. Here π1 : πˆ
∗TM → N and π2 : πˆ
∗TM → TM are the restrictions of
the natural projections πˆ1 : N × TM → N and πˆ2 : N × TM → TM to πˆ
∗TM .
π1 : πˆ
∗TM → N is a real vector bundle, with fiber over u = (x, Z) ∈ N isomorphic
to TxM . The fiber dimension of πˆ
∗TM is equal to n = dim(M), while the dimension
of the base manifold N is 2n.
Each tangent field Z ∈ TxM can be pulled-back πˆ
∗Z uniquely by the conditions
• π1(πˆ
∗Z) = (x, Z) ∈ Nx,
• π2(πˆ
∗Z) = Z.
These conditions extend pointwise to vector fields. The pull-back of a smooth
function f ∈ F(M) is the smooth function πˆ∗f ∈ F(N) such that πˆ∗f(u) = f(πˆ(u))
for every u ∈ N . Analogously, a pull-back tensor bundle πˆ∗T (p,q)M can be obtained
from each tensor bundle T (p,q)M over M .
Let us consider a linear connection on πˆ∗TM . The associated covariant derivative
is the operator
∇ : Γ πˆ∗TM × ΓTN → Γ πˆ∗TM
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such that
• For every X˜ ∈ ΓTN , S1, S2 ∈ Γ πˆ
∗TM and ϕ ∈ F(M) it holds that
∇X˜(πˆ
∗ϕS1 + S2) = (X˜ · πˆ
∗φ)S1 + ϕ∇X˜S1 + ∇X˜S2.(2.9)
• For every X˜1, X˜2 ∈ ΓTN , S ∈ Γ πˆ
∗TM and ϕ˜ ∈ F(N) it holds that
∇ϕ˜X˜1+X˜2S = ϕ˜∇X˜1S + ∇X˜2S.(2.10)
The Chern-Rund connection ch∇ is a linear connection on πˆ∗TM characterized by
the following [4, 17]
Theorem 2.6. Let (M,F ) be a Finsler space. The vector bundle πˆ∗TM admits
a unique linear connection characterized by the collection of connection 1-forms
{ chω
i
j , i, j = 1, ..., n} such that the following structure equations hold:
• “Torsion free” condition,
d(dxi)− dxj ∧ chwij = 0, i, j = 1, ..., n.(2.11)
• Almost g-compatibility condition,
dgij − gkj
chwki − gik
chwkj = 2Aijk
δyk
F
, i, j, k = 1, ..., n.(2.12)
The torsion free condition is equivalent to the absence of terms containing δyi
in the connection 1-forms chω
i
j and also implies the symmetry of the connection
coefficients Γijk(x, y),
chωij(x, y) = Γ
i
jk(x, y) dx
k, Γijk(x, y) = Γ
i
kj(x, y), i, j, k = 1, ..., n.(2.13)
We can characterize the Chern-Rund connection by means of the associated
covariant derivative operator ch∇X˜ , with X˜ ∈ TuN . The generalized torsion tensor
is given by the expression
T ch∇ :ΓTM × ΓTM → ΓTM
(X,Y ) 7→ π2
(
ch∇X˜ πˆ
∗Y
)
− π2
(
ch∇Yˆ πˆ
∗X
)
− [X,Y ],(2.14)
where X˜ and Y˜ are the horizontal lifts of the restrictionsX(x), Y (x) at a given point
u ∈ πˆ−1(x). Then the following corollaries are direct consequences of Theorem 2.6.
Corollary 2.7. Let (M,F ) be a Finsler space. The torsion free condition (2.11)
is equivalent to the following conditions:
(1) For any X˜ ∈ TN and Y ∈M , the following relation holds,
ch∇V (X˜)πˆ
∗Y = 0.(2.15)
(2) Let us consider X,Y ∈ ΓTM . Then the following relation holds,
T ch∇(X,Y ) = 0.(2.16)
Proof. Let { ∂
∂xi
}ni=1 be a local frame on U and X = ei =
∂
∂xi
, Y = ej =
∂
∂xj
. Then
we have
ch∇V (X˜)πˆ
∗Y := πˆ∗ek w
k
j (V (ei)) = πˆ
∗ekΓ
k
ajdx
a(V (ei)) = πˆ
∗ekΓ
k
ajdx
a(
∂
∂yi
) = 0.
This condition is extended by linearity and by the Leibnitz rule to arbitrary sections
X, Y ∈ ΓTM .
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To prove the relation (2.16), let us consider the torsion condition in local coor-
dinates where the local frame {ej} on ΓTM commutes, [ei, ej] = 0. Then from the
symmetry in the connection coefficients (2.13) one obtains
π2(
ch∇e˜i πˆ
∗ej)− π2(
ch∇e˜j πˆ
∗ei)− [ei, ej] = π2(
ch∇e˜i πˆ
∗ej)− π2(
ch∇e˜j πˆ
∗ei)
= (Γkij − Γ
k
ji) πˆ
∗ek = 0.
This relation is extended by linearity to arbitrary vectors X,Y ∈ ΓTM . 
Corollary 2.8. Let (M,F ) be a Finsler space and X˜ ∈ ΓTN. The almost g-
compatibility condition (2.12) is equivalent to the conditions
(1) ch∇ is metric compatible in the horizontal directions,
ch∇H(X˜)g = 0.(2.17)
(2) ch∇ is almost-metric compatible in the vertical directions in the sense that
ch∇V (X˜)g = 2A(X˜, ·, ·)(2.18)
holds good.
Proof. Using local natural coordinates and reading from the expression (2.12), it
follows that
ch∇g = (dgij − gkj
chwki − gik
chwkj ) πˆ
∗ei ⊗ πˆ∗ej = 2Aijk
δyk
F
⊗ πˆ∗ei ⊗ πˆ∗ej,
By the definition of covariant derivative along an horizontal direction and since
2Aijk
δyk
F
is vertical, the relation (2.17) follows. For the covariant derivative along
the vertical component V (X˜),
ch∇V (X˜) g := 2Aijk
δyk
F
· V (X˜)
(
πˆ∗ei ⊗ πˆ∗ej
)
, ∀X˜ ∈ ΓTN,
from where follows the condition (2.18). 
The curvature 2-forms associated with a linear connection ∇ on πˆ∗TM are
(2.19) Ωij := dw
i
j − w
k
j ∧ w
i
k, i, j, k = 1, ..., n.
In local coordinates, the curvature endomorphisms are decomposed as
(2.20) Ωij =
1
2
Rijkl dx
k ∧ dxl + P ijkl dx
k ∧
δyl
F
+
1
2
Qijkl
δyk
F
∧
δyl
F
.
The quantities Rijkl, P
i
jkl and Q
i
jkl are the hh, hv, and vv-curvature tensor compo-
nents. For any Finsler space, the hv-curvature endomorphisms of the Chern-Rund
connection are identically zero [4]. However, for other linear connections in πˆ∗TM
the three curvature types could be different from zero.
3. Riemannian average metrics from a Finsler space
3.1. Definition of the averaging procedure for Finsler metrics. The n-form
dny is defined in local coordinates by the expression
dny =
√
det g(x, y)
δy1
F
∧ · · · ∧
δyn
F
,(3.1)
where det g(x, y) is the determinant of the fundamental tensor (g)ij = gij(x, y).
Since dny is invariant by local diffeomorphisms on TM , it defines a section of ΛnN .
For each embedding ix : Ix →֒ Nx one consider the volume form on Ix given by
dvolx := i
∗
x(d
ny · l),(3.2)
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where l = y
i
F
∂
∂yi
and dny · l is the corresponding contraction. Then the volume
function vol(Ix) is defined by the expression
vol :M → R+, x 7→ vol(Ix) =
∫
Ix
|ψ|2(x, y) dvolx,(3.3)
where the weight factor |ψ|2 : TM \ {0} → R+ is a homogenous of degree zero
in y, positive, smooth function on the tangent bundle. The average of a function
f ∈ F(I) is defined by the expression
〈f〉ψ(x) :=
1
vol(Ix)
∫
Ix
|ψ|2(x, y) f(x, y) dvolx.
Given the Finsler space (M,F ) let us consider the matrix with components
hij(ψ, x) := 〈gij(x, y)〉ψ , i, j = 1, ..., n,(3.4)
for each point x ∈M . Then we have,
Proposition 3.1. Let (M,F ) be a Finsler space. Then {hij(ψ, x)}
n
i,j=1 are the
components of a Riemannian metric
hψ(x) = hij(ψ, x) dx
i ⊗ dxj , i, j = 1, ..., n.(3.5)
Proof. The average (3.4) of a positive defined, real and symmetric n× n matrix is
also a positive, real, symmetric matrix. To show this, first we note that
gx(y)(y˜, y˜) = gij(x, y)y˜
iy˜j ≥ 0, y, y˜ ∈ TxM.
This is because gij(x, y) for each fixed y ∈ TxM is a positive defined scalar product
in TxM . The symmetric property follows in analogous way. The tensorial character
of the expression (3.5) is also direct. 
Definition 3.2. Two Finsler spaces (M,F1), (M,F2) are said to be h-equivalent
if the corresponding average metrics h1 and h2 defined by (3.5) are the same.
h-equivalence is an equivalence relation in the set of Finsler metrics MF defined
over M. The equivalence class of g is denoted by [g]. The coset space is defined by
MF / ∼. We call this equivalence relation F -equivalence.
From now we choose the function |ψ|2 = 1, if anything else is not stated. In this
case the averaging is called isotropic.
3.2. A coordinate-free formula for h. Let us consider the fiber metric
g¯ = gij(x, y)πˆ
∗dxi ⊗ πˆ∗dxj , ξ ∈ π−12 (u), u ∈ πˆ
−1(x).
Proposition 3.3. Let (M,F ) be a Finsler space. Then the relation
h(x)(X,X) =
1
vol(Ix)
( ∫
Ix
dvolx g¯ (πˆ
∗|u(X), πˆ
∗|u(X))
)
(3.6)
holds good for each vector field X ∈ ΓTM .
Proof. For each point x ∈M , h(x) = 〈gij〉(x) dx
i|x ⊗ dx
j |x, u ∈ Ix and vector field
X ∈ ΓTM one has
h(x)(X,X) =
1
vol(Ix)
(∫
Ix
dvolx gij(u)
)
X iXj
=
1
vol(Ix)
(∫
Ix
dvolx g¯ij(u)
)
X iXj
=
1
vol(Ix)
(∫
Ix
dvolx g¯ (πˆ
∗|u(X), πˆ
∗|u(X))
)
.

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4. General form of the average operation and applications
4.1. Average of a family of tensor automorphisms. For each tensor Sz ∈
T
(p,q)
z M with v ∈ πˆ−1(z) and z ∈ U ⊂M , the following isomorphism is defined:
πˆ∗|v : πˆ
−1(x) → π−11 (v), Sz 7→ πˆ
∗
vSz.
Consider a family of fiber preserving automorphisms
A :=
{
Aw : πˆ
∗
wT
(p,q)M → πˆ∗wT
(p,q)M, w ∈ Ix, x ∈M
}
.
Then one can define the vector valued integral operation,
( ∫
Ix
π2|uAuπˆ
∗
u
)
· Sx :=
∫
Ix
π2(Au πˆ
∗
u Sx) dvolx, Sx,∈ T
(p,q)
x M,(4.1)
where u = (x, y) is a point on the fiber Ix →֒ Nx. This operation is a fiber
integration on a sub-manifold Ix of TxM and with values of T
(p,q)
x M , for each
x ∈ M . The tensor Sx is pulled-back {πˆ
∗
uSx, u ∈ Nx ⊂ N} such that the following
diagram commutes,
πˆ∗uSx
πˆ1

πˆ2
// Sx
π

Ix
πˆ
// x
for each x ∈ M, u ∈ πˆ−1(x). The chain of compositions defining the integral
operation (4.1) is the following. Given x ∈M, u ∈ πˆ−1(x) and Sx ∈ T
(p,q)
X M ,
x 7→ Sx 7→ {πˆ
∗
uSx} 7→ {Au(πˆ
∗
uSx)} 7→ {π2(Au(πˆ
∗
uSx))} 7→
∫
Ix
π2(Au(πˆ
∗
uSx)) dvolx.
(4.2)
Definition 4.1. The average operator of the family of automorphism A is the
automorphism
〈A〉x : T
(p,q)
x M → T
(p,q)
x M
Sx 7→
1
vol(Ix)
( ∫
Ix
π2|uAuπˆ
∗
u
)
· Sx, u ∈ π
−1
1 (x), ∀Sx ∈ T
(p,q)
x M.
Proposition 4.2. The average operator associated with a family of a linear of
operators A is a geometric operator on M .
Proof. Let us consider first sections of the bundle πˆ∗TM and two local basis {ei, i =
1, ..., n} and {e˜i, i = 1, ..., n} of TxM . Then we have
〈A〉(S(x)) =
1
vol(Ix)
(∫
Ix
π2|uAuπˆ
∗
u
)
· S(x)
=
1
vol(Ix)
(∫
Ix
π2|uAuπˆ
∗
u
)
· Si(x)ei(x)
=
1
vol(Ix)
(∫
Ix
π2|uAuπˆ
∗
u S˜
k(x) e˜k(x) dvolx
)
=
1
vol(Ix)
(∫
Ix
π2|uAuπˆ
∗
u
)
· S˜k(x)e˜k(x).
One can extend this calculation to families of homomorphisms of πˆ∗T
(p,q)
x M . 
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The averaging operation can be extended to families of local operators acting on
sections πˆ∗T (p,q)M by applying the construction (4.2) in the definition 4.1 to the
evaluation of sections πˆ∗v(S) := (πˆ
∗S)(v), where S ∈ ΓT (p,q)M and v ∈ Uu is a
point in the open set Uu containing u.
4.2. The average of linear connections on πˆ∗TM . We can average linear con-
nections on πˆ∗TM following the above general method.
Theorem 4.3. Let ∇ be a linear connection of the vector bundle πˆ∗TM → N .
Then there is defined an affine connection of M determined by the covariant deriv-
ative of each section Y ∈ ΓTM along each direction X ∈ TxM ,
〈∇〉XY := 〈π2|u∇ιu(X)πˆ
∗
vY 〉, v ∈ TUx \ 0,(4.3)
for each X ∈ TxM and Y ∈ ΓTM , where Ux is an open neighborhood of x ∈M .
Proof. We check that the properties for a linear covariant derivative hold for 〈∇〉.
(1) Using the linearity of the original covariant derivative and the linearity of
the averaging operation,
〈∇〉X(Y1 + Y2) = 〈π2|u∇ιu(X)πˆ
∗
v(Y1 + Y2)〉 = 〈π2|u∇ιu(X)πˆ
∗
vY1〉+ 〈π2|u∇ιu(X)πˆ
∗
vY2〉
= 〈∇〉XY1 + 〈∇〉XY2,
∀ Y1, Y2. For the second condition of linearity we have
〈∇〉X(λY ) = 〈π2|u∇ιu(X)πˆ
∗
v(λY )〉v = λ〈π2|u∇ιu(X)πˆ
∗
v〉 = λ〈∇〉XY
∀ Y ∈ ΓTM, λ ∈ R, X ∈ TxM.
(2) 〈∇〉XY is a F -linear respect X , that is,
〈∇〉X1+X2Y = 〈∇〉X1Y + 〈∇〉X2Y, 〈∇〉fX(Y ) = f 〈∇〉XY,(4.4)
holds good for each Y ∈ ΓTM, v ∈ π−1(z), X,X1, X2 ∈ TxM and f ∈ FM.
The first condition is proved by the following short calculation, calculation,
〈∇〉X1+X2Y = 〈π2|u(∇ιu(X1+X2))πˆ
∗
vY 〉v = 〈π2|u∇ιu(X1)πˆ
∗
vY 〉v + 〈π2|u∇ιu(X2)πˆ
∗
vY 〉
= 〈∇〉X1Y + 〈∇〉X2Y.
For the second condition the proof is similar.
(3) The Leibnitz rule holds:
〈∇〉X(ϕY ) = (dϕ(X))Y + ϕ〈∇〉XY, ∀Y ∈ ΓTM, ϕ ∈ F(M), X ∈ TxM,
(4.5)
where dϕ(X) is the action of the 1-form dϕ ∈ Λ1M evaluated at x ∈M on
the tangent vector X ∈ TxM . In order to prove (4.5) we use the following
property,
πˆ∗v(ϕY ) = (πˆ
∗
vϕ) (πˆ
∗
vY ), ∀ Y ∈ TM, ϕ ∈ F(M).
Then one obtains the following expressions,
〈∇〉X(ϕY ) = 〈π2|u∇ιu(X)πˆ
∗
v(ϕY )〉 = 〈π2|u∇ιu(X)(πˆ
∗
vϕ)πˆ
∗
vY 〉
= 〈π2|u(∇ιu(X)(πˆ
∗
vϕ))πˆ
∗
v(Y )〉+ 〈π2|u(πˆ
∗
uf)∇ιu(X)πˆ
∗
v(Y )〉
= 〈π2|u(ιu(X) · (πˆ
∗
vϕ))πˆ
∗
v (Y )〉+ ϕ 〈π2|u∇ιu(X)πˆ
∗
v(Y )〉
= 〈(X · ϕ)π2|uπˆ
∗
u(Y )〉+ ϕ 〈π2|v∇ιu(X)πˆ
∗
v(Y )〉.
For the first term we perform the following simplification,
〈(X · ϕ)π2|uπˆ
∗
u(Y )〉 = (X · ϕ)〈π2|uπˆ
∗
u(Y )〉 = (X · ϕ)(〈π2|uπˆ
∗
u〉)Y
= (X · ϕ)Y = (dϕ(X))Y.
10 GALLEGO TORROME´
Finally we obtain that
〈∇〉X(ϕY ) = (〈∇〉Xxϕ)Y + ϕ〈∇〉XY = (dϕ(X))Y + ϕ〈∇〉XY.

We denote the affine connection associated with the above covariant derivative
by 〈∇〉. Then for each section Y ∈ ΓTM , 〈∇〉Y ∈ ΓT (1,1)M is given by
(4.6) 〈∇〉(X,Y ) := 〈∇〉XY, X ∈ TxM.
The average covariant derivative is extended to 1-forms by the requirement that it
commutes with contractions. Thus for each α ∈ Λ1M and X ∈ ΓTM
〈∇〉X [α(Z)] = (〈∇〉Xα) · Z + α · (〈∇〉XZ)
holds by assumption. Then the extension of the covariant derivative 〈∇〉X to sec-
tions of the tensor bundle T (p,q)M →M is defined by the rule
〈∇〉X K(X1, ..., Xs, α
1, ..., αr) = 〈∇〉X K(X1, ..., Xs, α
1, ..., αr)
−
s∑
i=1
K(X1, ..., 〈∇〉XXi, ..., Xs, α
1, ..., αr)
+
r∑
j=1
K(X1, ..., Xs, α
1, ..., 〈∇〉Xα
j , ..., αr).
4.3. General properties of the averaged connection.
Proposition 4.4. Let (M,F ) be a Finsler space and ∇ a linear connection on
πˆ∗TM . Then it holds
T〈∇〉 = 〈T∇〉.(4.7)
Proof. We can calculate the torsion of the connection 〈∇〉,
T〈∇〉(X,Y ) = 〈π2|u∇ιu(X)πˆ
∗
v〉Y − 〈π2|u∇ιu(Y )πˆ
∗
v〉X − [X,Y ]
= 〈π2|u∇ιu(X)πˆ
∗
v〉Y − 〈π2|u∇ιu(Y )πˆ
∗
v〉X − 〈π2|uπˆ
∗
u[X,Y ]〉
= 〈π2|u
(
∇ιu(X)πˆ
∗Y −∇ιu(Y )πˆ
∗X − πˆ∗|u[X,Y ]
)
〉
= 〈T∇(X,Y )〉.

Corollary 4.5. Let (M,F ) be a Finsler space with average Chern-Rund connection
〈 ch∇〉. Then the torsion T〈 ch∇〉 is zero.
Definition 4.6. Two Finsler spaces (M,F1) and (M,F2) are Γ-related iff the cor-
responding average connections are the same.
This is an equivalence relation (Γ-equivalence). Γ-equivalence classes are denoted
as [g]Γ. Let us remark that the averaging procedure depends on the particular
Finsler spacer (M,F ) that one starts and that this equivalence relation is between
different types of averaging procedures. Also note that in general the Γ-equivalence
relation is different than the F -equivalence relation.
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4.4. Average connection of a Berwald space. In order to avoid cluttering in
the notation, the Chern-Rund connection will be denoted simply by ∇ instead of
the most specific notation ch∇ used until now.
Definition 4.7. A Berwald space is a Finsler space such that its Chern-Rund
connection also defines an affine connection on M .
For a Berwald space the connection coefficients chΓijk(x, y) depend on x ∈ M
only. Thus, we have the following,
Theorem 4.8. For a Berwald space (M,F )
• The average of the Chern-Rund connection coincides with the Chern-Rund
connection in the sense that
(πˆ∗〈∇〉X S) = ∇ιu(X)πˆ
∗S.(4.8)
• The average of the Chern-Rund connection coincides with the Levi-Civita
connection of the average metric,
〈∇〉 = h∇.(4.9)
Proof. The relation (4.8) is direct from the definition of average connection. A
detailed proof can be found in [10]. For the proof of relation (4.9), let us first
evaluate the covariant derivative of the metric h for 〈∇〉 ,
〈∇〉X= ∂
∂xi
h =
(∂hjk
∂xi
− 〈∇〉l ikhjl − 〈∇〉
l
ijhlk
)
dxj ⊗ dxk
=
(∂hjk
∂xi
− chΓl ikhjl −
chΓl ijhlk
)
dxj ⊗ dxk
=
1
vol(Ix)
( ∫
Ix
(∂gjk
∂xi
− chΓl ikgjl −
chΓl ijglk
)
dvolx
)
dxj ⊗ dxk
=
1
vol(Ix)
( ∫
Ix
(
∇ ∂
∂x˜i
g)
)
jk dvolx
)
dxj ⊗ dxk.
Since the horizontal metric compatibility of the Chern-Rund connection (equation
(2.18)), the integrand is zero. Therefore,
〈∇〉X= ∂
∂xi
h = 0, i = 1, ..., n.
Moreover, by Corollary 4.5 〈∇〉 is torsion free. Therefore, 〈∇〉 must be the Levi-
Civita connection of h. 
The geodesic deviation equation for a Finsler space is formally the same than
for a Riemannian space. In particular, the Jacobi equation for the Chern-Rund
connection [4] is the linear differential equation along the geodesic X : I →M
∇X∇XJ +R(X, J)X = 0.(4.10)
It is interesting that if the space (M,F ) is of Berwald type, then the equation (4.10)
is formally the same than the equation for the geodesics of the average connection,
〈∇〉X˜〈∇〉X˜ J˜ +R
〈∇〉(X˜, J˜)X˜ = 0,
or
∇X˜∇X˜ J˜ +R(X˜, J˜)X˜ = 0,
where X˜ : I˜ → M is a geodesic of the averaged connection 〈∇〉 and R〈∇〉 is the
curvature endomorphism. The Jacobi fields J : I → X(I) and J˜ : I˜ → X˜(I˜) are the
same (at least for small values of the time values of the time parameter, the geodesics
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X and X˜ as un-parameterized geodesics), except that they are parameterized by
different parameters. Then the condition
R〈∇〉(X˜, J˜) = R(X, J)
must hold for Berwald spaces. Since for a Berwald space 〈∇〉 = h∇, the following
result holds:
Theorem 4.9. If (M,F ) is a Berwald space, then
hR(X,Y ) = R(X,Y ), X, Y ∈ ΓTM.(4.11)
Corollary 4.10. If (M,F ) is a Berwald space, then hRi jkl = 〈
gRi jkl〉.
Proof. This is a direct consequence of the above calculation and Theorem 4.9. 
A simple calculation shows that in general the average of the curvature endomor-
phism does not coincide with the curvature endomorphism of the average metric,
hRi jkl = h
im hRmjkl = h
im 〈 gRmjkl〉 = 〈 h
im gRmjkl〉
= 〈himgmsg
sa gRajkl〉 = 〈ϑ
i
s
gRs jkl〉,
where the tensor ϑi s := h
imgms 6= δ
i
s measures the departure of the fundamental
tensor g of being Riemannian. Similarly, in the general case there is no direct
relation between the average of the flag curvature of F and the sectional curvatures
of h, even in the case of constant sign flag curvature spaces.
Let (M,F ) be a Berwald space. Then the Riemann tensor of g is a (0, 4)-tensor
along the map πˆ : N →M whose components are given in normal coordinates of g
by the expression1
gRijkl := gil,jk − gik,jl + gjk,il − gjl,ik,(4.12)
where gij,kl stands for
∂2gij
∂xk∂xl
, etc...
Proposition 4.11. Let (M,F ) be a Berwald space and consider the isometric
average metric hij. Then the following relation holds,
hRijkl(x) = 〈
gRijkl(x, y)〉.(4.13)
Proof. In normal coordinates for h, the Riemann tensor hRijkl is linear on the
second derivatives of the components of the curvature tensor of h. Then the tensor
can be expressed as
hRijkl = hil,jk − hik,jl + hjk,il − hjl,ik,
where for instance hil,jk =
∂2hil(x)
∂xj∂xk
, etc... From the definition of h it follows that
hRijkl = 〈 gil〉,jk −〈gik〉,jl +〈gjk〉,il −〈hjl〉,ik
holds in the normal coordinate chard of h. Since the weight factor is |ψ|2 = 1
and the volume function vol(Ix) is constant for a Berwald space [3], the partial
derivatives can be introduced in the integrals,
〈g〉Rijkl(x) =
hRijkl = 〈 gil〉,jk −〈gik〉,jl +〈gjk〉,il −〈hjl〉,ik
= 〈 gil,jk − gik,jl + gjk,il − gjl,ik〉 = 〈
gRijkl(x, y)〉,
where from the first to the second line in the above expression we have use the
equality chΓi jk(x) =
hΓi jk(x) = 0 in normal coordinates of the average metric h.
1For a Berwald space, normal coordinate system exists and are C2, see for instance [4].
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In this step is essential the Berwald condition. This formulae has been proved in
normal coordinates of h, but since it is an identity between tensor components, it
holds in any coordinate system. 
As an example of direct application of proposition 4.11 is a generalization of
Riemann’s characterization of Euclidean space in terms of curvature. Let ho be the
Euclidean metric in Rn. Then we have
Corollary 4.12. Let (M,F ) be a Berwald space such that gRijkl = 0. Then
M ∼= Rn and the fundamental tensor g = h0 + δg, with 〈δg〉 = 0.
Proof. If gRijkl = 0, then the relation (4.13) implies
hRijkl(x) = 0 and the result
follows from the classical result of Riemann [16]. 
Gauss-Bonnet theorem for Berwald surfaces. The construction of the metric
h as an average of the fundamental tensor over the indicatrix opens the possi-
bility to generalize results from Riemannian to Berwald geometry, using directly
the Riemannian results. We consider here another example of this technique: a
weak version of the Gauss-Bonnet theorem for arbitrary Berwald surfaces. Let
(I, πI ,M) be the fibered manifold whose fibers are indicatrix over M and note
that for a Berwald space the function x 7→ vol(Ix) is constant. Then we have
Theorem 4.13. Let (M,F ) be a compact Berwald surface with average metric h
and Gaussian curvature hK = − hR1212 in some orthonormal basis of h. Then the
following formula holds [5],
1
vol(Ix)
∫
I
gR1212(x, y) dvolx ∧ dµ(x) = −2π χ(M),(4.14)
where χ(M) is the Euler’s characteristic of M and dµ is the Riemannian volume
form of h on M .
Proof. For the Riemannian metric h one can apply the classical Gauss-Bonnet
theorem for compact surfaces M . Thus the relation∫
M
hR1212(x) dµ = −2π χ(M)(4.15)
holds. Fixed the integration measure as in proposition 4.11 an using an orthonormal
frame associated to h, one obtains the relations
hK(x) = − hR1212(x) = −〈
gR1212〉,
from which the relation (4.14) follows. 
5. The parallel transport of the average connection
The parallel transport of a linear connection ∇ along a path γ : [a, b]→M with
γ(a) = x and γ(b) = z is defined as the linear homomorphism
pxz(γ) : T
(p,q)
x M → T
(p,q)
z M, Sx 7→ Sz
such that the section S(t) along γ is a solution of the linear differential equation
∇γ˙(0)p(γ)(S)(t) = 0, p(γ)(S)(0) = S(0).(5.1)
A polygonal approximation γ¯ of γ is determined by a set of points
{γ(0) = x, ..., γ(ti), ..., γ(tA−1), γ(tA) = z, γ(ti) ∈ γ([a, b])}
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joined by geodesic segments γ¯k,k+1 of F , with initial and ending points γ(tk) and
γ(tk+1) respectively. One can also consider the case when tk − tk−1 = ǫ. Then the
parallel transport operator along γ¯ is given by the composition of parallel transports
p(γ¯) :=
A∏
k=1
◦ ptk,tk−1 ,
where the composition of elementary parallel transport ptk,tk−1 is taken along the
geodesic segment γ¯k,k+1 and is given by the endomorphism
ptk,tk−1 :Tγ(tk−1)M → Tγ(tk)M
X iei 7→
(
δjkik−1X
ik−1 − ǫΓjkik−1lk−1 X
ik−1 γ˙lk−1
)
ejk .
γ˙lk−1 is the tangent vector at the point γ(k − 1). Then the double limit A→ +∞
and ǫ = tk − tk−1 → 0 is taken in this parallel transport operation, under the
constraint
lim
A→+∞, ǫ→0
Aǫ = b− a.
Let us define ǫ = b−a
A
. Then the parallel transport of X ∈ Tγ(0)M along γ between
the point x = γ(a) and z = γ(b) is given by
(pxzX)
j = lim
A→+∞,ǫ→0
(
(δjAiA−1 − ǫΓ
jA
iA−1lA−1
γ˙lA−1)
)
(pxγ(tA−1)X)
iA−1 , j = 1, ..., n,
(5.2)
with (pxxX)
j0 = Xj0 , limA→+∞ γ(tA−1) = γ(b) and jA = j.
Infinitesimally one has the finite difference expression
(pxγ(t+ǫ)X)
j − (pxγ(t)X)
j =
(
(δjAiA−1 − ǫΓ
jA
iA−1lA−1 γ˙
lA−1)
)
(pxγ(t)X)
iA−1
− (pxγ(t)X)
j
= − ǫ (pxγ(t)Γ
j
ik(γ(t)) γ˙
i(t)(pxγ(t)X)
k.
For smooth vector fields and connections, one can take the limit
lim
ǫ→0
(pxγ(t+ǫ)X)
j − (pxγ(t)X)
j
ǫ
= −(pxγ(t)Γ
j
ik(γ(t)) γ˙
i(t)(pxγ(t)X)
k,
showing that the expression (5.2) is the solution of the parallel transport equation
(5.1).
The expression (5.2) applies to the parallel transport of any linear connection.
In particular, it can be applied to the average connection,
Proposition 5.1. Let 〈Γijk〉 be the connection coefficients of the average connection
〈∇〉. Then the parallel transport operation is
(pxzX)
j = lim
A→∞, ǫ→0
A∏
k=1
(
(δjk ik−1 − ǫ 〈Γ
jk
ik−1lk
〉(γ(tk)) γ˙
lk)
)
X i0 , j = 1, ..., n.
(5.3)
If we explicitly insert the weight factor |ψ|2 : N → R+ in each integration, one
obtains the expression for the parallel transport
(pxzX)
j = lim
A→+∞,ǫ→0
( A∏
k=1
1
vol(Iγ(tk−1))
( ∫
Iγ(tk−1)
dvolx(γ(tk−1))(5.4)
f(γ(tk), yγ(tk)) (δ
jk
ik−1 − ǫΓ
jk
ik−1lk−1(γ(tk), yγ(tk)) γ˙
lk−1(γ(tk−1))
))
X i0 .
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In the general case the average of the parallel transport operation does not coin-
cide with the parallel transport of the average connection: the average of the parallel
transport of∇ involves only one fiber integration, while the parallel transport of the
average connection involves a formal infinite number of integral operations along
each fiber πˆ−1(γ(t)), t ∈ [a, b].
5.1. Curvature of the average connection. Let us consider the curvature en-
domorphisms for the average connection 〈∇〉,
R〈∇〉(X1, X2)Z =
(
〈∇〉X1 〈∇〉X2 − 〈∇〉X2 〈∇〉X1 − 〈∇〉[X1,X2]
)
Z.
Developing this expression in terms of the original connection ∇ one obtains
R〈∇〉x (X1, X2)(Z) =
1
vol2(Σx)
∫
Ix
∫
Ix
dvolx(v)dvolx(u)π2(v)
(
∇ιv(X1)πˆ
∗
v π2(u)∇ιu(X2)πˆ
∗
u Z − ∇ιv(X2)πˆ
∗
v π2(u)∇ιu(X1)πˆ
∗
u Z
− ∇ιu([X1,X2]) πˆ
∗
u Z
)
.
It is interesting that the curvature R〈∇〉 is not equal to the average curvature of
the linear connection ∇. For instance, the averaged hh-curvature is
〈R∇( ιu(X1), ιu(X2))〉Z :=
1
vol(Ix)
∫
Ix
dvolx π2(u)∇ιu(X1)∇ιu(X2)πˆ
∗
u Z
−
1
vol(Ix)
∫
Ix
dvolx π2(u)∇ιu(X2)∇ιu(X1)πˆ
∗
u Z
−
1
vol(Ix)
∫
Ix
dvolx du π2(u)∇ιu([X1,X2]) πˆ
∗
u Z
=
1
vol(Ix)
∫
Ix
dvolx π2(u)
(
∇ιu(X1)∇ιu(X2)
−∇ιu(X2)∇ιu(X1) −∇ιu([X1,X2])
)
πˆ∗u Z.
Therefore, given a linear connection on π∗TM ∇, there are two notions of average
curvature endomorphisms, R
〈∇〉
x (X1, X2) and 〈R
∇( ιu(X1), ιu(X2))〉. In the general
case the tensors R
〈∇〉
x (X1, X2) and 〈R
∇( ιu(X1), ιu(X2))〉 do not coincide because
the covariant derivative ∇ιu(Y ) depends on u ∈ N for a general Finsler space.
5.2. Holonomy of a Berwald space. For a Berwald space, the Chern-Rund
connection lives on the manifold M and the curvatures of the average connection
coincide with the average of the curvature of the original linear connection on
π∗TM . Therefore, as an application of the Ambrose-Singer theorem on holonomy
[1, 12] and theorem 4.9 it holds the following result. Let us consider the holonomy
group Hol(∇) of the Chern-Rund connection ∇. Then
Theorem 5.2. Let (M,F ) be a Berwald space. Then the holonomy group Hol(∇)
is Riemannian.
Proof. If the space (M,F ) is a Berwald space, then the hv-curvature endomor-
phisms are identically zero, P = 0. Then the result follows from a direct application
of the Ambrose-Singer theorem on holonomy and the relation (4.11). 
An interesting consequence is that, if the space (M,F ) is Berwald, then the
average holonomy group is not only an affine holonomy group, but it is indeed
metrizable. This is an extension of a theorem from Z. Szabo´ on metrizability of
compact holonomies of Berwald spaces [18],
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Theorem 5.3. Let (M,F ) be a Berwald space. Then the holonomy of the Chern-
Rund connection is metrizable.
6. Isometries of the average metric
Definition 6.1. Given two Finsler spaces (M1, F1) and (M2, F2), a base manifold
Finsler isometry (or simply a Finsler isometry) is a diffeomorphism Φ :M1 →M2
such that preserves the Finsler function,
F2(Φ(x), dΦ(y)) = F1(x, y).(6.1)
As a direct consequence of this definition and in the case when M1 = M2, the
components of the fundamental tensor transform locally under an isometry as
(g1)ij(x˜(x), y˜(x, y)) =
∂xl
∂x˜i
∂xk
∂x˜j
(g2)lk(x, y).(6.2)
It turns out that [11]
Proposition 6.2. The group of isometries of (M,F ) is contained as a closed sub-
group of the isometries of (M,h) (in the compact-open topology).
Then it follows that the group of isometries2 of (M,F ) is a Lie group [6] and it
is a subgroup of the group of isometries of the average metric (M,h).
Definition 6.3. A Finsler space (M,F ) is symmetric if for each point x ∈M there
is a Finsler isometry ϕx :M →M such that
• ϕx(x) = x,
• (dϕx)|x = −Id|TxM .
The two conditions of the isometry ϕ are the same for h than for F . Then by
direct application of proposition (6.2) we have
Theorem 6.4. If (M,F ) is a Finsler symmetric space, then (M,h) is a Riemann-
ian symmetric space.
This result holds for locally symmetric spaces and globally symmetric spaces. In
particular, we have
Corollary 6.5. If (M,F ) is a global symmetric space, then it is an homogeneous
space.
Proof. Let us consider the averagemetric h, which is necessarily globally symmetric.
Then by application of the analogous Riemannian result, M ∼= G/H , where G is
the isometry group and H the isotropy group of the average metric h. 
It is remarkable that our result applies also to non-reversible Finsler metrics, as
our next example shows.
Example 6.6. Let us consider a Randers space [15] of the form FR = α+ β, with
Finsler function in local coordinates given by the expression [4]
FR(x, y) =
√
aij yi yj + bi y
i,
where α =
√
aij yi yj and biy
i = β is the action of the 1-form b on the tangent
vector y ∈ TxM . The associated fundamental tensor is
grij(x, y) =
FR
α
(
aij −
yi
α
yj
α
)
+
yi
FR
yj
FR
.
2Our result is a particular application of the averaged method. Other example is found in [14],
where a different average method was applied [13].
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On the indicatrix Ix the fundamental tensor is
grij(x, y)|α+β=1 =
1
α
(
aij −
yi
α
yj
α
)
+ yi yj .(6.3)
Formally, the right hand side of the expression (6.3) does not depend upon the
particular details of the 1-form b. Thus we can evaluate the average and it will be
equal to the Euclidean case: b = 0, α|Ix = 1. In particular, if we choose aij = δij,
to simplify the argument, then we have
〈grij(x, y)〉 =
1
vol(Ix)
δij .(6.4)
If the space (M,FR) is Berwald, then vol(Ix) is constant and the space (M,FR)
is symmetric. Indeed we have that the same conclusion holds for a general space
FR = α+ β with the function x 7→ vol(I)x constant on M and (M,a) symmetric.
Remark 6.7. This example contrasts with the main result in [7], since our result
shows that one can have global symmetric spaces which are not Berwald spaces, if
the reversibility condition on the metric F is not assumed.
Remark 6.8. Remarkably, the average metric in example 6.6 is independent on
the 1-form b, except for topology of the manifold M that determines the cohomology
class of the 1-forms defined on M .
6.1. Curvature average isometric invariants. We have briefly considered be-
fore the average of a generic curvature endomorphism of the linear connection on
π∗TM ∇. The first of these average operators is the average hh-curvature endo-
morphisms, defined before as the endomorphism
〈R〉x(X1, X2) :TxM → TxM, Y 7→ 〈R〉x(X1, X2)Y := 〈R
∇( ιu(X1), ιu(X2))〉Y.
(6.5)
Let us denote the vertical lift of X = X i ∂
∂xi
∈ TxM by κ(X) = X
i ∂
∂yi
∈ Vu
with u ∈ πˆ−1(x). The average hv-curvature in the directions X1 and X2 is the
endomorphism
〈P 〉x(X1, X2) :TxM → TxM,
Y 7→ 〈P 〉x(X1, X2)Y := 〈π2Pu(ιu(X1), κu(X2))πˆ
∗
uY 〉,(6.6)
with u ∈ Ix ⊂ πˆ
−1(x) ⊂ N. Similarly, for the vv-curvature in the case of an
arbitrary linear connection on πˆ∗TM , we define the average homomorphisms,
〈Q〉x(X1, X2) :TxM → TxM
Y 7→ 〈Q〉x(X1, X2) := 〈π2Qu(κu(X1), κu(X2))πˆ
∗
vY 〉,(6.7)
with u ∈ Ix ⊂ πˆ
−1(x) ⊂ N. The average endomorphisms (6.5) and (6.7) are defined
on the manifold M . In the case of a Riemannian metric, the average curvatures
〈P 〉x(X1, X2) and 〈Q〉x(X1, X2) are both zero, for any X1, X2 ∈ ΓTM .
The Cartan and Chern-Rund connections are invariant under isometries of F ,
since the connections are defined in terms of the Finsler function F and the fun-
damental tensor g (that determines the isometries). Therefore, if the measure used
in the definition of the averaging operation is invariant under isometries of F , the
endomorphisms 〈P 〉(X1, X2) and 〈Q〉(X1, X2) are also invariant under the fiber
isometries. Then for the Chern-Rund connection Q = 0, there are defined global
affine isometric invariants of the form
Inv(M) =
∫
M
dµFR(〈R〉, h),(6.8)
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and also of the form
Inv(M) =
∫
M
dµFP (〈P 〉, h),(6.9)
where FR(〈R〉, h) and FP (〈P 〉, h) are scalar functions and the volume form dµ is
the volume form associated to the average Riemannian metric 〈g〉. Thus the inte-
grals (6.8) and (6.9) are invariant under isometries.
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